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Abstract—Reconfigurable intelligent surface (RIS) is a rev-
olutionary technology that can be applied in millimeter wave
(mmWave) communications to reduce the high power consump-
tion and propagation loss. However, channel estimation (CE) is
challenging due to the large number of passive RIS elements
without signal processing abilities. In this paper, the uplink
CE for RIS-assisted mmWave multi-input multi-output (MIMO)
systems is formulated as a sparse signal recovery problem in a
novel way. Then, the beam pattern and reflection pattern design
based on the compressed sensing (CS) theory are proposed to
guarantee the efficient CE. Simulation results demonstrate that,
for various CS-based CE algorithms, the proposed patterns can
reduce more than 50% pilot overhead at 0 dB signal-to-noise ratio
(SNR) while maintaining the same accuracy of CE compared with
the existing patterns.

Index Terms—Reconfigurable intelligent surface (RIS), channel
estimation (CE), pilot beam pattern design, reflection design.

I. INTRODUCTION

NTELLIGENT reflecting surface also referred to as recon-

figurable intelligent surface (RIS) is a kind of electromag-
netic metasurfaces consisting of passive reflecting units. It has
been regarded as an appealing solution to the high hardware
cost and power consumption problem in millimeter wave
(mmWave) multi-input multi-output (MIMO) systems [1].
However, channel estimation (CE) for RIS-assisted mmWave
MIMO systems poses a challenge due to the large number of
passive elements that lack signal processing abilities.

Recently, there have been some works investigating the CE
problem for the fully passive RIS system. A binary-reflection
controlled least square (LS) CE protocol was proposed in [2]
at cost of intractable computational complexity. To reduce
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the pilot overhead and the computational complexity, the
compressive sensing (CS) algorithms are utilized in [3]-[5]
for multi-input single-output (MISO) systems. However, the
beam pattern and reflection pattern design have great impact
on the performance of the CS-based CE methods and only few
works take them into consideration.

To achieve better CS-based CE accuracy, the beam pattern
and reflection pattern need to be designed. By assuming that
the position of RIS is known to the BS, the pilot signals and
reflection patterns are designed in [6], but only considering
the single antenna at the receiver. For MISO systems, an
optimized channel estimator in a closed form is proposed by
leveraging the typical mean-squared error (MSE) criterion in
[7]. However, the existing works do not take into account the
beam pattern and reflection pattern design simultaneously and
do not focus on the CS-based CE problem in MIMO systems.

In this paper, we consider both the beam pattern and
reflection pattern design for RIS-assisted mmWave MIMO
systems. The contributions are summarized as follows:

1) We propose a novel channel estimation formulation to
significantly reduce the computational complexity of CE
for RIS-assisted MIMO system.

2) The reflection pattern is designed by ensuring the spar-
sity of the cascaded channel and the beam pattern is
designed by minimizing the coherence of the sensing
matrix based on the CS theory.

3) Various CS-based algorithms are utilized to verify the
superiority of the proposed scheme. And the benefit of
the proposed scheme is especially evident for CS-based
greedy algorithms.

Notations: In this paper, lower-case and upper-case boldface
letter x and X denote a vector and a matrix respectively. [x];
denotes the i-th element of vector x. X7, X" X* denote the
transpose, the conjugate transpose, the conjugate. The ¢5-norm
of vector x is indicated by ||x||2, while the Frobenius norm
of matrix X is denoted as ||X|| 7. The diagonal matrix having
vector x on its diagonal is denoted as diag(x). Vectorization
of matrix X is given by vec(X), and the inverse operation,
reshaping vector x into a p X ¢ matrix, is represented by
vec, 1(x). tr(X) denotes the trace of X. The Kronecker
product is denoted as A ® B. I, is the identity matrix of
size p X p and O, is a p X ¢ matrix with all elements being
zero. mod(a, b) calculates the remainder of a being divided
by b.
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II. SYSTEM MODEL
A. Cascaded Channel Model

In a single-user MIMO system with the carrier wavelength
A, the base station (BS) and the user are equipped with
the uniform linear array (ULA) with N, and N; antennas,
respectively, and the RIS has M = M, x M, elements in
a uniform planar array (UPA). Following [3], a geometric
channel model for narrowband systems is used to formulate the
RIS-BS channel and user-RIS channel. These two channels
are low-rank due to the sparse scattering nature of mmWave,
ie. Ly and Lo are small, where they denote the numbers
of RIS-BS and user-BS paths, respectively. Specifically, the
RIS-BS channel G can be modeled as

MN, & H
where o, is the complex gain consisting of path loss, HGNT is
the angle of arrival (AoA) at the BS, and 19GM and goGM repre-
sent the azimuth and elevation angle of departure (AoD) at the
RIS, respectively. a,.(9,¢) € CV*! and a;(0,p) € CM*1
represent the normalized array steering vectors at the BS and
the RIS. Similarly, the user—RIS channel R is represented as

Ly H

R— /20> anay (08 o) au(07) " @

lo=1

where o, is the complex gain consisting of path loss, Hlij tis
the AoD at the user, and 19RM and goRM represent the azimuth
and elevation AoA at the RIS au(d) € CNex1 represents the
normalized array steering vector at the user. Normalized array
steering vectors for X -element UPA (X = X; x X5) and ULA
can be formulated according to [3] as

{ (,& SD) _ %(e—i.nsin(ﬂ) cos(tp)xl/k) ® (6—i'ﬂsin(ip)xz//\>7
a(e) — ﬁ e—i-mcos(é’)x/z\7 3)

where © = 2md, x; = [0,1,2,...,X; — 1]T, xp =

[0,1,2,...,X2—1]T,x:[071,2,...,X 17, anddlsthe

antenna spacing which is assumed to be \/2 in this paper. We
can further virtually represent the two channels as

G=VyIVH, R=VvyZVvh, 4)

where the beamspace matrices, denoted as Vy, € CNr XN
Vs € CMXME and Vy, € € CNXNE | are composed of NG,
MCE = = M; G x M, ¢ and N, G steering vectors of predeter-
mlned grlds at the BS, RIS and user. T' € CN7*M% gpd
3 € CMOXNE gre the Ly and Lo-sparse beamspace channels
corresponding to G and R, respectively. For simplicity, we
consider MS = M,, M = M, in this work, but it can
be extended to general cases easily. Considering a uniform
grid spanning from —1 to 1 for all spatial angles, we define
the uplink cascaded channel as H £ Gdiag(¥)R, where
W ¢ CM*1 s the phase shift vector at the RIS assuming each
RIS element does not change the signal amplitude. Thus, we
can obtain

H = Vy, TV diag(¥)Vy, VR, = VN TQEVY | (5)
where Q = VH diag(¥)V ;.
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Fig. 1. Sounding procedure. [8]

B. Sounding Procedure

The CE scheme is shown as Fig. 1 similar to [8]. K
different RIS reflection vector designs Z £ [¥y, ¥y, ..., U]
(k=1,2,...,K) are considered within the CE stage in one
channel coherence time. T}, pilot blocks are transmitted for one
reflection vector design Wy, and the corresponding cascaded
channel is Hy, £ Gdiag(¥;)R. For the t-th (t = 1,2,...,T})
pilot block, N2 and N beams are designed at the BS and the
user respectively (N2 < N,., NB < N,), so in one pilot block
NP pilots are transmitted. The beam pattern design for the ¢-th
pilot block within the k-th reflection design is represented b
precoding Fy ; € CNexNP and combining W, ¢ € CNrxN:
Given the user’s p-th (p = 1,2,..., NP) transmitted beam
fy. ¢+, for the t-th pilot block, the received signal yy ;, can be
described as

H H
Yitp = Wi Hifr e pseep + Wing e p, (6)

where sy, is the transmitted pilot signal with |s .| = 1,
ngtp, ~ CN(0, UZINB) is the white Gaussian noise with
mean g and variance 2. Collect all N transmitted pilots
within the pilot block as

H
Yyt =W HyFrr+ Ny, (N
h ix Y., = F,, &
where matrix Yi: = [Yie1,Ykt2 - Yeengl Fer =
LIRTS RTINS i NfB]’ and the noise matrix Ny, £
H [P
(Wi mkt1,. .., Wi ng . ys]. The measurement number for

the k-th reflection vector design is Qr = T, NENJB.

C. Problem Formulation
The cascaded channel with W can be represented as
vec(Hy) = (Vy, ® Vi, ) vec(T'Q2: X)
Y (Vi, ® Vi, )(ET @ ) vec()
= (Vy, @ VN, )(ET @) (Vi 0 Vi),
= (Vi, @ Vy,)ID¥,,

®)

where in (%) the mix-product property of Kronecker product
isused. J2 XT®T, and D £ V], ® VH, is the Khatri-Rao
product of V], and V!, (8) can be simplified as

vec(Hy) = (Vi, ® Vi, )ID®,, )

where D corresponds to the initial M G rows of D, and Jis
a merged form of J [3]:

I(ei) =Y I(m), (10)
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where S; designates the indices in D sharing the same row
as the ¢-th row. Utilizing (9), the received signal in (7) can be
further represented in the vectorized form as

L@ (Fr, ® W} )vec(Hy) + ny
b
(=’ (BT, @ WH )(Vi, ® Vi, ) ID®, + 1y, (11)

©((FL, © Wi )(V,©Vx,))) i+ nes,

—

c

2 (Dw,)T

-~

where (a) and (c¢) make use of the mixed-product property
inherent to the Kronecker product with yp ¢ £ vee(Yg,.) €
CNONZXL nyy 2 vee(Nyy), j = vee(d) € CNENIMEx1
as in [3]. (b) uses the result from (9). Given the sparse nature
of j, it is feasible to utilize CS algorithms. However, the huge
size of j still makes it impractical to compute.

ITI. PROPOSED METHOD
A. Improved Channel Estimation Formulation

To reduce the computation complexity due to the huge size
of j, we further propose to formulate (11) as

Vit 2 (FT, @ WH ) (Vi, ® Vi) Ak + npy
© Qk,tAk- + Ny,

where the deduction of (d) is illustrated in Fig. 2 and the

GG
merged A, € CVe' Vo' X1 can be formulated as
MG

Aili = D (DC) 3w NG (1)

m=1

12)

13)

for i = 1,2,...,NENE. Without loss of generality, we
assume 7, = T and Qr = @ for k = 1,2,...,K. In
(e), the equation is simplified by defining Qx, = (th ®
WH ) (Vy, ® V). Collecting all received signals from the
T pilot blocks in (12), we can obtain

Vi = QrAg + ng, (14)
where yké[yzl,...,sz]T Qr = | k17""QkT] and
n; = [ng)l, . T 7. The problem can be solved by any

CS algorithms where Ay, € CNENTX1 g o sparse vector.

After the CE with K reflection vectors, the data transmis-
sion is considered within the channel coherence time. With a

phase shift vector ¥ that satisfies
K

DV = Z 5 DWy,
k=1

15)

the channel H for the data transmission can be formulated as

H—VecN N, (Vy, ® VN, )AB),

(FI,/, ® WE‘I)(VRL ®VN)[4+—3

(D)7 ; -
(= ])]-

(16)

(Dﬁmﬂmﬂmw): ]

Fig. 2. Merging from j in Eq. (11) (c) to Ay, in Eq. (12) (d) with ME = 4.

where A = [A1,Xa,...,Ag] is to be estimated via CE and
coefficients 3 = [B1, Ba, - - ., Bx]" can be determined with the
phase shift vector ¥ from (15). It is worth noting that with
K (K < M) reflection vectors Wy, for £k = 1,2,..., K, the
phase shift vector ¥ used in data transmission can be well
represented by considering (15) as a linear mapping.

B. Computational Complexity of CE Formulations

The computational complexity comparison with OMP algo-
rithm is listed in Table I, where we assume N& = N;, N& =
N,. L and L'’ = L;L, denote the sparsity of A\p and J
respectively. L < L’ with our designed reflection patterns,
and more details about the sparsity will be discussed in
section III-C. With unmerged J in (8), The OMP algorithm
solving (11) has the complexity O(L'Q"-M?N;N,.) [9], where
Q" is the required number of measurement. With merged Jin
(11) (¢) which is proposed in [3], the complexity is reduced
to O(L'Q’' - MNyN,), where Q' is the required number of
measurement. The complexity of our proposed CE formulation
using OMP to solve (12) (d) is K - O(LQ - N;N,.) = O(KL-
QN;N,). Considering the reduced dimension of the channel
matrices to be estimated (Ag, j Jj), the required number of
measurements for OMP algorithm satisfies Q < Q' < Q.
Thus, the complexity of the proposed CE formulation is much
lower than existing formulations [3].

TABLE 1
COMPUTATIONAL COMPLEXITY OF FORMULATIONS WITH OMP.

Compressed CE Formulation
Eq. (11) (¢) with unmerged J
Eq. (11) (¢) with merged J [3] O(L'Q" - MNyNy)

Eq. (12) (d) (proposed) K -O(LQ - N¢N,) = O(LQ - KN¢Ny)
Ll Q<Q QK< M

Computational Complexity (OMP)
O(L'Q" - M2N¢N,)

C. RIS Reflection Pattern Design

The design of reflection patterns has a great impact on
the performance of CE. In general, reflection patterns can
be designed to maximize the received power to increase the
received SNR or minimize the coherence among different
Ar. However, different from other formulations such as (11)
[3] where the RIS reflection vector is not part of the sparse
channel to recover, the sparsity of A in (16) depends on the
reflection pattern design as shown in (13). Obviously, not all
= that satisfies (15) will lead to a sparse A. Considering
that CS algorithms can only be applied when the sparsity is
guaranteed, the aim of the reflection pattern design in this
paper is to ensure the sparsity of A. The K reflection patterns
= can be designed by choosing K unique columns from =:

a7

D—l

[I] )

EC

~
—
=)

where = contains M candidates for the reflection pattern
design. It can be readily verified that A becomes extremely
sparse because D®¥; has only one non-zero element ac-
cording to (13). For general cases where MS # M,
and/or MyG # M,, to ensure the phase shift property,

E = & max{ME, M, } max{M§, M,} D', where D' is the

pseudo-inverse of D. When Mf < M,, M& needs to be
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chosen satisfying mod(M,, MS) = 0, and it is similar for
ME. With (17), when ME = M,, MS = M, and K = M,
the estimated channel in (16) can be simplified to

H =vecy! y, ((Vi, @ Vy,)AD®),  (8)

which can also be easily adapted for K' < M. Other reflection
pattern designs such as discrete Fourier transform (DFT)
matrices and Hadamard matrices [10] also contribute more or
less to the sparsity of A. The performance comparison between
the reflection pattern designs will be shown in section IV.

D. Beam Pattern Design

Based on the CS theory, it is known that smaller coherence
of the sensing matrix Qy improves the performance of the
sparse signal recovery [11], [12]. However, due to the high
dimension of RIS-assisted MIMO systems, methods such as
[13] that considers the RIS-assisted MISO systems can not be
applied directly.

With the improved channel estimation formulation in (14),
the beam pattern design is based on the minimization of total
coherence which is defined as

Mt(Qk) = Z <Qk(:7 q1)7 Qk(:a Q2)>a

1<q1,92<Q,
q17q2

which is the summation of inner product of the ¢;-th column
and the go-th column. It is easy to prove ||Zy (:,n)|l2 = 1
by assuming equal power of each beam for n = 1,2,...,Q,
where Zj ; £ Frp:® W,’;t is the Kronecker product of the
transmit and receive beamforming. Therefore, (19) can be
written as

£(Qx) = Q) Qx — 167
—ur((QfQ - 16)°)
= tr (Q{ Qs QY Qs — 2Q{ Qs + 1) 20)
=tr (QrQQrQY — 2QiQ} +1g) + (G- Q)
= 1QQ} ~Iolf + (G - Q)
= 1ZL (VN V) Z; —IolE + (G - Q)
where Z;, 2 Zi1,Zko, ..., Zy7), Qp = Z;VN, G &
NENE. Tt can be found that 1f(Qy) > (G — Q), and when
Z] (VNVH)Z; —1g = Ogxq, the total coherence in Z] V y

is minimized. Vy £ V3, ® Vy,, where Vy, and Vy, are
defined in (4) and

19)

NENE
VyVh = ]\tftNT Iy, N, (1)
Substituting (21), (20) can be converted to
. NfGNTG Trpx ?
min | N4k Zi — 1a L 22)

st. |Ze(n)2=1, n=1,2,...,Q.

So far, the singular value decomposition (SVD) can be em-
ployed to find the optimal Zj as the following proposition.

Proposition 1. When QQ < NN, (22) is optimized when

.
Z,=Ui[Ig Ogxw.n,-@) U3, 23)

where U, € CNeNexNeNe g, € CRXQ gre both unitary
matrices.

Proposition 1 can be easily proved. With the design of Zj,
beam pattern matrices Wy, ; and F, ; can be obtained based on
approximation from Zj ; = Fj, , @ W; , [14]. As one possible
exact solution, suppose mod(Ny, NB) = mod(N,, NB) = 0,
Wy, and Fy, can be designed as (24), where [x| denotes
the floor function returning the greatest integer less than or
equal to x. Notably, hybrid beamfoming technology also can
be employed to reduce radio frequency (RF) chains as well as
the power consumption. With the design in (24), it is easy to
verify that

where a, = [(¢—1)/N¢N,.|, by = | (¢ — 1 — a;N:N,.)/NB]|,
cg =1+mod(q — 1 — a,N;N,, NP) satisfies Proposition 1.

1, p=ayN.NP +b,(N, + NP) + ¢,

. (25)
0, otherwise,

IV. SIMULATION RESULTS

In this section, we evaluate the performance of CE with the
proposed designs in (17) and (24) via computer simulations.
Simulation uses C++ with Armadillo linear algebra library.
The system parameters are listed in Table II.

TABLE II
SYSTEM PARAMETERS IN SIMULATIONS.

Values
(8,8,2), (16, 16, 2)
8x8=064,8x8=064
(5,5), 64

Parameters
(N, NZ,NE), (N, NG, NF)
Mg x My = M, M x MG = M®
(L1,L2), K

In Fig. 3, the proposed beam pattern and reflection pattern
design are compared with the conventional methods (i.e. ran-
dom beam patterns and truncated DFT reflection pattern design
[10]). Greedy CS algorithms such as OMP and stagewise
OMP (StOMP) [15] are used to evaluate the performance.
(In StOMP, the maximum number of support selections in
each iteration is constrained to enhance stability.) The nor-
malized mean square error (NMSE) performance is defined
as E[|H — HJ||%./|H||%], where H and H represent the real
channel and the estimated channel respectively. It is worth
noting that CS algorithms with random reflection patterns only
achieve 0 dB NMSE performance and are therefore omitted in
the comparisons.
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(a) NMSE v.s. SNR, with KTNP = 768.

(b) NMSE v.s. pilot overhead, with SNR = 0 dB.

Fig. 3. Comparison of proposed pattern designs and the traditional method with OMP and StOMP.

Fig. 3(a) depicts the NMSE performance versus the SNR
with KTNP = 768 pilots (LS needs at least K N;N,./NP =
4096). For OMP algorithm, the proposed RIS reflection pattern
design outperforms the widely adopted DFT reflection pattern
by around 2 dB. When the beam pattern design is applied with
the reflection pattern design, the performance can be further
enhanced by more than 3 dB. In other words, compared with
existing pattern designs, more than 5dB improvement can be
achieved with our proposed patterns.

Fig. 3(b) shows the NMSE performance versus the varying
pilot overhead KT NP from 384 to 1536. It can be observed
that, for OMP, in order to achieve the same NMSE perfor-
mance such as —8dB, compared with the DFT reflection
pattern, the proposed reflection pattern design without and with
proposed beam pattern design can save about 35% and 55%
of pilot overhead respectively.

StOMP algorithm also achieves desirable improvement in
both Fig. 3(a) and Fig. 3(b). The proposed beam pattern and
reflection design are based on the CS theory instead of a
specific CS algorithm. Thus, the works in this paper can be
employed in other CS algorithms, especially for the greedy
CS algorithms. Notably, our proposed patterns still work for
the non-greedy algorithms including ¢;-minimization based
algorithms and sparse Bayesian learning (SBL) [16]. Since the
NMSE performance of these algorithms has a smaller gap to
the lower bound, the improvement is not as large as greedy CS
algorithms. Considering their unaffordable high computational
complexity, these algorithms are not practical in real systems
and are therefore not detailed in simulation.

V. CONCLUSION

In this paper, we propose a novel CE formulation with the
beam pattern and reflection pattern design for the CE in RIS-
assisted mmWave MIMO systems based on the CS theory.
Simulation demonstrates that the proposed pattern designs can
reduce more than 50% pilot overhead to achieve the same CE
accuracy and improve more than 5dB CE performance with
the same pilot overhead. The benefit of the proposed scheme
is specifically evident for CS-based algorithms.
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