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Fig. 1. Dirichlet Splatting renders coherent wave-based measurements with a primitive whose spectral footprint is the physically exact Dirichlet kernel of a
finite-window discrete Fourier transform. A coherent appearance model makes each surfel behave like a real surface element rather than an isotropic point
reflector, while a tailored sliding Frank–Wolfe solver recovers reflector geometry from cold starts where Gaussian-splat baselines diverge.

We presentDirichlet Splatting, a physically grounded differentiable rendering
method for inverse problems with wave-based coherent sensors. Unlike

optical cameras, these sensors observe a scene in a band-limited Fourier

space whose continuous point response is complex-valued and oscillatory.

Our key observation is that the point spread function of a reflector in this

Fourier space is the Dirichlet kernel, not a Gaussian. We instantiate each splat

as a Dirichlet kernel in closed form, model each primitive as a planar surfel

rendered through a surfel-aware Dirichlet splat whose complex amplitude

is set by wave propagation physics, and introduce a sliding Frank–Wolfe

adaptation tailored to the rugged, non-convex landscape that the Dirichlet

oscillation induces. On terahertz tomography, Dirichlet Splatting recovers

reflector geometry with an order of magnitude fewer parameters, faster

convergence, and higher accuracy than 3D Gaussian Splatting.
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1 Introduction
Differentiable rendering has become a foundational tool for in-

verse problems in graphics and sensing. By making the forward

image-formation pipeline differentiable end-to-end, it turns scene

reconstruction into gradient-based optimization, recovering geome-

try, materials, lighting, and motion directly from sensor measure-

ments [Kerbl et al. 2023; Mildenhall et al. 2020]. Nevertheless, non-
visible-spectrum sensors, including terahertz (THz) tomographs,

sonars, and radar, equally demand differentiable rendering to solve

their inverse problems.

3D Gaussian Splatting (3DGS) [Kerbl et al. 2023] renders scenes

via differentiable rasterization of anisotropic Gaussian primitives.

Recentwork extends 3DGS towave-based sensors via phase-coherent

combination of splats [Wen et al. 2026; Yang et al. 2025]. However,

this port carries a structural mismatch, as the Gaussian primitive,

designed to approximate optical point spread, cannot represent

the complex-valued, oscillatory point response that coherent wave

measurement produces.

Optical imaging interpolates a smooth radiance field through a

near-Gaussian aperture, making a Gaussian splat a faithful local

approximation of how light from a small region accumulates in

a pixel. Wave-based coherent imaging is structurally different. A

sparse scene of reflectors drives an analytic, continuous physical

operator, and the sensor records its values on a discrete band-limited

grid only at the readout stage of acquisition. The natural target of

an inverse solver is therefore the continuous physics, namely the

positions, orientations, and amplitudes of the reflectors that drive

this operator, rather than the post-processed grid it produces.
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Gaussian

Dirichlet

The point spread function (PSF) of this

operator is complex-valued and oscilla-

tory (right inset), with sidelobes carry-

ing analytic information about the re-

flector geometry and a phase that gov-

erns coherent interference between re-

flectors [Harris 1978]. Existing ports of 3DGS approximate the oper-

ator by a smooth real envelope on the discrete grid. The approxima-

tion collapses both features and reduces the inverse problem to a fit

on a sampled output rather than a differentiation of the underlying

physics.

We present Dirichlet Splatting, a differentiable rendering method

for inverse problems with wave-based coherent sensors. First, the
PSF of a reflector in this band-limited Fourier space is a Dirichlet ker-
nel [Harris 1978]. We therefore instantiate each splat as a Dirichlet

kernel evaluated in $ (1) closed form. Second, we model each primi-

tive as a planar surfel and render it through a surfel-aware Dirichlet
splat whose complex amplitude is set by wave propagation physics,

yielding a finite-area surface element rather than an isotropic point

reflector. However, the very oscillation that makes the Dirichlet ker-

nel physically faithful induces a rugged, non-convex loss landscape.

Generic first-order optimizers such as Adam encounter spurious

gradient nulls in every sidelobe and stall before recovering even

simple multi-reflector scenes from cold starts. Third, we adapt Slid-
ing Frank–Wolfe [Bredies and Pikkarainen 2013; Denoyelle et al.

2020] to the Dirichlet landscape. Our adaptation, Dirichlet Sliding
Frank–Wolfe (DSFW), replaces the standard kernel-translation step

with variable projection over surfel parameters, residual dual certifi-

cates that drive hard replacement of low-utility surfels, and periodic

low-resolution coupled Levenberg–Marquardt correction.

In summary, this paper makes the following contributions:

(i) A Dirichlet splat primitive whose spectral footprint is the exact
point spread function in band-limited Fourier space (§5.2.1).

(ii) A surfel-aware coherent appearance model that makes each

splat behave as a real surface element rather than an isotropic point

reflector (§5.2).

(iii) A sliding Frank–Wolfe adaptation tailored to the rugged

Dirichlet loss landscape (§6).

(iv) A real-data evaluation on sub-THz tomography, with ab-

lations of the surfel modulation and the solver components, and

convergence analysis (§7).

2 Related Work
Differentiable rendering and splatting primitives. Differentiable

rendering enables gradient-based optimization of scene parameters

from image observations, with NeRF-family volumetric fields [Bar-

ron et al. 2022; Mildenhall et al. 2020; Müller et al. 2022] and differ-

entiable rasterization [Laine et al. 2020] as representative families.

3DGS [Kerbl et al. 2023] introduced a real-time alternative based

on projected 3D Gaussian primitives, since extended to dynamic

scenes [Luiten et al. 2024] and surface reconstruction [Huang et al.

2024b]. A common thread across these methods is that the choice

of kernel (i.e., Gaussian) is motivated by mathematical convenience

rather than by the physics of image formation. This is reasonable for

optical cameras with approximately Gaussian PSFs but structurally

inappropriate for sensors whose image formation is a finite-window

discrete Fourier transform (DFT).

In contrast, we preserve the splatting paradigm and its efficiency

while replacing the kernel with the physically exact Dirichlet re-

sponse of the underlyingDFT. A parallel line ofwork targets computer-

generated holography (CGH) by splatting complex-valued primi-

tives directly onto a wavefront [Chao et al. 2025; Choi et al. 2025;

Zhan et al. 2026]. These methods use complex-valued Gaussians to

capture coherent superposition (e.g., diffraction, interference) and

demonstrate state-of-the-art CGH quality. However, equipping a

Gaussian with a complex amplitude changes what the primitive

carries, not the shape of the envelope it splats. The envelope itself

remains a smooth, monotonic Gaussian, which cannot reproduce

the periodic sidelobe nulls or the phase law of a windowed DFT

response (§3). The kernel mismatch is therefore structural rather

than parametric, and persists regardless of how rich the amplitude

representation becomes. Our Dirichlet primitive instead replaces

the envelope itself with the analytic windowed-DFT response, em-

bedding coherent sidelobe and phase structure into the primitive

rather than leaving them as residuals for the optimizer to absorb.

Wave-optical rendering and appearance models. A separate line

of work makes the light transport itself wave-optical. Generalized

ray formulations carry phase, coherence, and diffraction through

the rendering integral and reduce to geometric optics in the inco-

herent limit [Steinberg et al. 2024; Steinberg and Yan 2021], while

wave-optical appearance models replace the geometric-optics BRDF

with a diffraction-aware response derived from surface microgeom-

etry [Holzschuch and Pacanowski 2017; Stam 1999]. These methods

target passive imaging, where a scene is lit by ambient or area

sources and the sensor integrates a partially coherent field over a

finite aperture. We instead target active coherent sensing, where the

sensor illuminates the scene with a known waveform and records

the complex baseband return, so that the measurement is a finite-

window DFT whose point response is the Dirichlet kernel in closed

form (§3). A wave-optical renderer describes how a field arrives at

an aperture, while our appearance model describes what a surfel

contributes to a Fourier-space bin after that field has been mixed,

sampled, and transformed.

Differentiable coherent sensing. Simulation of coherentwave-based

sensors has traditionally relied on ray-tracing methods that prop-

agate electromagnetic or acoustic waves geometrically and accu-

mulate path losses, reflections, and scattering [Auer et al. 2016;

Chen et al. 2025; Hirsenkorn et al. 2017; Scheiner et al. 2020]. Such

simulators produce realistic time-domain signals but are computa-

tionally expensive and difficult to differentiate. Learning-based radar

synthesis instead trains generative models [Chen and Zhang 2023;

Ouaknine et al. 2021; Wheeler et al. 2017] to bypass physical simu-

lation entirely, at the cost of physical grounding and gradient-based

inversion. AutoMS and FlowForm use differentiable RF simulation to

reshape mmWave coverage by optimizing passive metasurfaces [Ma

et al. 2024; Zhao et al. 2026]. A more direct route is to differentiate

through the full waveform pipeline (e.g., signal generation, mixing,

sampling, fast Fourier transform (FFT)) with automatic differentia-

tion [Chen et al. 2026]. This is physically exact but materializes the

full time-domain signal and its FFT gradient at $ ("# log"# ) per
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step. Recent neural-scene approaches such as DART [Huang et al.

2024a] and Radar Fields [Borts et al. 2024] adapt NeRF-style repre-

sentations to radar by combining implicit geometry with an explicit

or learned sensor model, but they either operate on detection-level

data (i.e., discarding spectral information) or approximate the radar

forward model with a neural network rather than its analytic DFT

response. We instead render directly in the spectral domain using

closed-form Dirichlet responses, encoding the known DFT physics

into the rendering kernel itself rather than learning it from data.

Sparse recovery and variable projection. That the DFT of a finite-

length sinusoid is a Dirichlet kernel [Harris 1978; Oppenheim et al.

1999] and the related windowed-FFT super-resolution practice [Har-

ris 1978] provide the building blocks for our renderer. Off-the-

grid sparse recovery contributes sliding Frank–Wolfe with variable

projection [Denoyelle et al. 2020; Golub and Pereyra 1973; Jaggi

2013] and subspace methods such as MUSIC [Schmidt 1986] or ES-

PRIT [Roy and Kailath 1989] bypass DFT resolution by exploiting

signal-subspace structure but do not provide gradients to a renderer.

Our optimizer combines sliding Frank–Wolfe, variable projection,

and residual dual certificates inside a differentiable splatting pipeline,

a combination that, to the best of our knowledge, has not previously

been applied to differentiable rendering.

3 Background and Motivation
Wave-based coherent sensors form images by transmitting a known

waveform, mixing the received echoes against it, and applying a

finite-length DFT along each of ! measurement axes to assemble a

complex spectral tensor (Appendix A). The axis count ! is modality-

dependent (e.g., ! = 1 for coherent spectroscopy, ! = 2 for synthetic-

aperture imaging, ! = 3 for range/Doppler/azimuth sensing). The

PSF-shaping step in the FFT-based imaging pipeline we target is a

finite-window DFT. Each spectral bin records a complex amplitude,

and contributions from nearby reflectors interfere through their

phase before any intensity is observed. Fig. 2 sketches the source (a

coherent bistatic array), the targets (planar surfels with normal and

velocity), and the resulting Dirichlet PSF in the spectral tensor.

A single point reflector at continuous bin offset Δ from a spectral

bin center contributes the exact analytic Dirichlet kernel

^# (Δ) = e
−jc # −1

#
Δ sin(cΔ)
sin(cΔ/# ) , (1)

where# is the length of the DFTwindow applied by the sensor along

the corresponding measurement axis (i.e., the number of samples the

hardware coherently integrates before transforming). Eq. (1) is the

exact DFT response of a windowed complex exponential, derived

in Appendix A.1. The kernel is complex-valued, oscillatory, and

periodic, with sidelobes carrying ∼10% of the total spectral energy

for a rectangular window [Harris 1978] and a phase that governs

coherent interference between reflectors. The sidelobe ratio and

phase law are fixed by the window length # and require no fitting.

A Gaussian splat (even with a complex amplitude) decays mono-

tonically and has no zero crossings, reproducing neither the periodic

sidelobe nulls nor the phase law that govern coherent interference

between reflectors at sub-bin separation. The resulting modeling
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Fig. 2. The Dirichlet forward model maps physical space to Fourier
space. (a) A coherent bistatic array images a static and a moving surfel;
the bottom row traces the signal chain (path, echo, response) along one
measurement axis. (b) Each surfel becomes a Dirichlet PSF in the spectral
tensor .̂ (f ) ; motion shifts Surfel 2 off the 5� = 0 face. The inset shows the
1D kernel 3# (Δ) .

error dominates any reconstruction of coherent data. The reflector-

domain sparsity of wave-based scenes (most volume is empty, with

specular returns concentrating energy on isolated surfaces) keeps a

system-rank-equal Dirichlet representation tractable, and adopting

^# as the rendering primitive matches the windowed-DFT measure-

ment physics exactly [Çetin and Karl 2001].

4 Overview
Dirichlet Splatting performs differentiable scene reconstruction

from active coherent measurements (THz, acoustic, or mmWave). A

known illuminator emits a band-limited waveform, and the sensor

records the complex echo as an !-axis spectral tensor whose axes are

modality-specific (e.g., depth alone for tomographic sensing; range,

Doppler, and azimuth for transceiver-array sensing; frequency alone

for coherent spectroscopy). The scene is modeled as oriented planar

surfels that scatter the incident waveform once before reaching

the sensor. Unlike the emissive primitives of standard 3D Gauss-

ian Splatting (3DGS), our surfels are reflectors whose appearance

is governed by complex reflectivity, bistatic foreshortening, and a

material-dependent Fresnel response. Each surfel contributes a 3D

Dirichlet kernel, the exact point-spread function of the windowed

DFT along each axis, placed directly in the spectral domain rather

than in the primal image domain of standard splatting.

The renderer’s projection, surfel-aware splats, and coherent com-

positing (§5) feed DSFW (§6), an optimizer built on variable projec-

tion and residual dual certificates.

5 Dirichlet Splatting
We render a scene of ( planar surfels into a coherent !-axis spectral

tensor in three logical steps. Each surfel carries a small parameter set

Θ8 (§5.1). The renderer projects it to a continuous Fourier coordinate
`8,ℓ on each measurement axis ℓ via a sensor-specific map (§5.3),

evaluates a surfel-modulated Dirichlet kernel whose width is set by

the FFT length (§5.2), and coherently sums across all surfels (§5.3.2).
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More specifically, the full forward model is

.̂ (f) =

(∑
8=1

U8 ·
amplitude√
�8 +8 �8 '

−W
8
·

kernel∏!
ℓ=1 3#ℓ

(
5ℓ − `8,ℓ

)︸                                                 ︷︷                                                 ︸
splat8 (f )

, (2)

a coherent sum of per-surfel splats splat8 (f), each with a complex

amplitude (set by surfel physics) modulated by a Dirichlet point

spread (fixed by the per-axis FFT lengths #ℓ ). The product form

across ℓ is the exact separable DFT response of a single point re-

flector (Appendix A.4). We evaluate the spectral tensor at the con-

tinuous Fourier coordinate f = (51, . . . , 5!), where ℓ indexes the
measurement axes. The measured bins lie at integer coordinates of

f . Each kernel factor uses the fractional offset 5ℓ − `8,ℓ between a

bin and a surfel’s continuous center. In the ! = 3 running exam-

ple, f = (5', 5� , 5�) for range, Doppler, and azimuth. The quantities

U8 , �8 ,+8 , �8 , '8 , W are respectively the complex reflectivity, oriented-

disk area, bistatic foreshortening, Fresnel response, sensor-to-surfel

range, and path-loss exponent of surfel 8 (§5.1, §5.2). The per-axis

Fourier center `8,ℓ is the projection of (p8 , v8 ) onto axis ℓ (§5.3).

5.1 Primitive Parameterization
We represent the scene as a collection of planar surfels, following

the geometric primitive of 2DGS [Huang et al. 2024b] but replacing

its appearance model in full (§5.2).

Each of the ( surfels carries the parameter set

Θ8 = {p8 ∈ R3, n8 ∈ S2, �8 ∈ R>0, U8 ∈ C, v8 ∈ R3, [8 }, (3)

where p8 is the surfel center, n8 its outward normal, �8 the area

of the oriented disk it represents, U8 a complex reflectivity v8 a
per-surfel translational velocity that drives Doppler-axis behavior

(§5.3; 0 for static scenes), and [8 ∈ C the wave impedance of the

surfel material, entering the Fresnel response (§5.2). The geomet-

ric triple (p8 , n8 , �8 ) describes a small oriented disk. The appear-

ance pair (U8 , [8 ) describes the scene’s coherent reradiation, distinct
from 3DGS’s spherical-harmonic (SH) colors. U8 is a scalar com-

plex coefficient that scales the whole splat and carries the surfel’s

magnitude and phase. [8 enters only through the Fresnel factor

�8 ≡ � (n8 , \ inc,8 , [8 ) of Eq. (2), which controls the angular variation

of that magnitude (Eq. (5)). A Dirichlet surfel carries 13 parameters

versus 58 for a 3DGS primitive (∼4.5× fewer; Tab. 1).

5.2 Surfel-Aware Dirichlet Splat
The per-surfel splat splat8 (f) in Eq. (2) is the complex contribution

of surfel 8 to .̂ (f). Surfel attributes enter only as a pre-multiplicative

complex amplitude on the kernel product, cleanly separating the

sensor model (the kernel ^#ℓ , evaluated through the unit-peak form

3#ℓ = ^#ℓ /#ℓ ) from the scene model (U8 , �8 ,+8 , �8 ). The Fourier

coordinate `8,ℓ is defined per axis in §5.3, Eq. (6).

5.2.1 Complex Dirichlet kernel. Each surfel’s energy spreads across

the Fourier-domain bins through the Dirichlet kernel of §3, the exact

point-spread function of an # -point DFT. We parameterize it in bin
units: for a surfel with continuous center ` evaluated at integer bin

: , the bin offset is Δ = : − `. We adopt the analytic Dirichlet form of

Eq. (1) (§3) as the per-measurement-axis kernel (one factor per axis

Table 1. Primitive parameter comparison. Counts are degrees of free-
dom: a unit quaternion is three, a unit normal two, and the complex am-
plitude is solved in closed form (§6.2). Most of the reduction comes from
appearance: a coherent sensor uses one complex amplitude, whereas a cam-
era uses a directional radiance field.

Attribute 3D Gaussian Splat Dirichlet Surfel (ours)

expression #par expression #par

Position p ∈ R3
3 p ∈ R3

3

Orientation unit quaternion q ∈ H 3 unit normal n ∈ S2
2

Extent scale s ∈ R3

>0
3 area� ∈ R>0 1

Velocity — 0 v ∈ R3
3

Appearance SH coefficients, deg. ! = 3 48 complex amplitude U ∈ C 2

Opacity/material opacity > ∈ [0, 1] 1 impedance [ ∈ C 2

Kernel shape Gaussian (from q, s) 0 fixed by the aperture 0

Compositing alpha blending — coherent additive sum —

Total / primitive 58 13

ℓ). It admits an$ (1) closed form per sample, with a Taylor expansion

for numerical stability near the removable singularities at Δ ∈ #Z
where the denominator vanishes (Appendix A.1; analytic gradient

and its singularity handling in Appendix A.2). The splat product

uses the unit-peak variant 3# (Δ) = ^# (Δ)/# , with 3# (0) = 1. For

sensors that apply a tapering window before the DFT,3# generalizes

to the corresponding window’s frequency response (Appendix A.3).

5.2.2 Coherent appearance model. Each surfel reradiates a complex

amplitude with magnitude from cell area, foreshortening, Fresnel

reflectivity, and free-space spreading, and phase from round-trip

propagation. Surfels combine coherently at the sensor and are ini-

tialized from a random or preprocessed point cloud.

Amplitude factors. Cell area enters as
√
�8 so that |splat8 |2 con-

tributes detected power proportional to �8 . Foreshortening +8 ≡
+ (n8 ; tx, rx) ∈ [0, 1] is the bistatic geometric attenuation

+8 = max(r̂tx,8 ·n8 , 0) max(r̂rx,8 ·n8 , 0), (4)

where r̂tx,8 , r̂rx,8 are the unit-vector directions from transmitter and

receiver to surfel 8 (§5.3). This factor is continuous and sub-differentiable

in n8 , vanishing whenever the surfel is back-facing. Fresnel reflectiv-
ity �8 ≡ � (n8 , \ inc,8 , [8 ) is the closed-form angle-dependent response

at a boundary of wave impedance [8 . Let \ inc,8 be the angle between

the incident direction and n8 , and let [0 be the wave impedance of

the surrounding medium. For transverse-electric polarization at a

planar boundary,

� (n8 , \ inc,8 , [8 ) =
[8 cos\ inc,8 − [0 cos\C,8
[8 cos\ inc,8 + [0 cos\C,8

, (5)

where the transmitted angle \C,8 follows from Snell’s law, which for

non-magnetic media reads sin\C,8/sin\ inc,8 = [8/[0. Intuitively, [8
fixes the impedance mismatch at the boundary and therefore the

reflected fraction, while the two cosinesmake that fraction varywith

incidence angle. A perfect conductor is the limit |[8 | → 0, where

� → −1 at every angle. This is the regime of the metal targets in

§7.7. The transverse-magnetic coefficient and the derivation are in

Appendix A.7. Path-loss exponent W ∈ [1, 2] accounts for one-way
or two-way free-space spreading.
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5.3 Spectral Rendering
Eq. (2) leaves two components of the forward model unspecified:

(i) a projection `8 that supplies each surfel’s Fourier coordinates

along every axis, and (ii) a coherent compositing rule that sums the

per-surfel splats into the spectral tensor.

5.3.1 Projection. The role of `ℓ,8 mirrors the affine projection Ja-

cobian in 3DGS. Where 3DGS pushes a 3D covariance into a 2D

image-space covariance, we push a surfel’s 3D position and veloc-

ity into Fourier-axis offsets, one formula per axis ℓ . We instantiate

the three formulas for the ! = 3 running example below, with

ℓ ∈ {', �,�} for range, Doppler, and azimuth (Fig. 2).

Let o denote the sensor origin and uG the array axis. For each

surfel 8 , we compute range '8 = ∥p8 − o∥, the line-of-sight direction
r̂8 = (p8 − o)/'8 , radial velocity EA,8 = ⟨v8 , r̂8⟩, and azimuth sin\8 =

⟨r̂8 , uG ⟩. The continuous Fourier coordinates are then

`',8 =
#'

�B

2 

2
'8 , `�,8 =

2#�)2

_
EA,8 , `�,8 = #�

Xel

_
sin\8 . (6)

The three coefficients map (i) round-trip delay 2'8/2 to range bins,

(ii) inter-pulse phase advance 4cEA,8)2/_ over #� pulses to Doppler

bins, and (iii) inter-element steering phase 2cXel sin\8/_ over #�
elements to azimuth bins [Richards 2014]. Here #', #� , #� are the

per-axis FFT lengths and _ the carrier wavelength. The remain-

ing constants (�B ,  ,)2 , Xel) are sensor-side acquisition parameters

whose mapping is detailed in Appendix B.

Doppler effects. The radial component EA,8 enters Eq. (6) as the

Doppler-axis offset, and the same backward pass returns closed-form

Jacobians in both p8 and v8 (Appendix A.2), without the temporal

extension layer of 3DGS-style dynamic representations [Luiten et al.

2024; Yang et al. 2024]. The construction is exact under the standard

coherent-sensing regime (stop-and-hop, constant radial velocity,

negligible range walk, Doppler unambiguity). Validity bounds are

in Appendix A.6.

5.3.2 Coherent compositing. The complex spectral tensor is Eq. (2)

evaluated at the integer bin grid. For the ! = 3 running example,

.̂ [?, :, @] =
∑(
8=1 splat8 (?, :, @) and the observable power image is

�̂ [?, :, @] =
��.̂ [?, :, @]��2. Coherent signals superpose as complex

phasors before the detector squares the result, matching the true

physics and correctly modeling the constructive and destructive

interference between reflectors separated by a few resolution cells.

Compositing is purely additive (i.e., no depth order, no opacity),

making the renderer purely data-parallel. When inter-surfel phase is

not modeled, the renderer optionally composites magnitude-squared

splats via the Fejér kernel (Appendix A.1).

6 Optimization
The Dirichlet kernel of §5.2.1 is faithful in the forward direction but

oscillatory. Its sidelobes propagate into the loss surface, yielding a

rugged, non-convex landscape on which first-order optimizers stall.

We collect the surfel parameters of §5 into a center matrix � ∈
R(×3 and a complex coefficient vector b = (U1, . . . , U( )⊤ ∈ C( that
absorbs the per-splat amplitude product of Eq. (2). Let Ω index

the measured spectral bins (so |Ω | = #'#�#� in the 3D case).

With �(�) ∈ C |Ω |×( the matrix whose 8-th column is the spectral

Reduced Objective
y

=

�(� )
·

b★(� )

� (� ) = 1

2
∥y − �b★∥2

(a) Variable Projection
�+_�

·
q

=

b★

b★ = (� + _� )−1q

(b) Residual Dual Certificate
r

⟨ ⟩
0 (x)

⇒
B (x)

B (x) = | ⟨0, r⟩ |/∥0∥

(c) DSFW Outer Step

� (C )

→
x★

⇒
� (C+1)

� (C+1)←Replace

current new candidate marked

Fig. 3. DSFW overview. DSFW maintains a surfel set� by iterating three
steps over the reduced objective � (� ) (top-left). (a) Variable Projection
eliminates the linear coefficients b★ in closed form. (b) The residual dual
certificate B (x) peaks where adding a splat most reduces the residual, by-
passing sidelobe minima. (c) The outer step hard-replaces the lowest-utility
surfel with argmaxx B (x) . Icons depict the complex spectral tensors y, r as
magnitude envelopes, �(� ) as a dictionary matrix with one Dirichlet splat
per column, and 0 (x) as the Dirichlet kernel of Fig. 2.

footprint of surfel 8 and y ∈ C |Ω | the measured spectral image, the

inverse problem is

min

�, b
L(�, b) =

1

|Ω | ∥�(�)b − y∥2
2
+ _ ∥b∥2

2
. (7)

For reporting and for generic first-order baselines we additionally

use a log-power Charbonnier loss that handles the 40–60 dB dynamic

range typical of coherent measurements [Richards 2014]:

Limg =
1

|Ω |
∑
:∈Ω

√(
log(�̂: + n) − log(�obs

:
+ n)

)
2 + n22 , (8)

with �̂: = | [�(�)b]: |2 +f2 the rendered power (f2 the noise floor),
�obs

:
= |~: |2 the measured power, Ω the set of evaluated bins, and

constants n = 10
−6
, n2 = 10

−3
. Our Dirichlet Sliding-Frank-Wolfe

(DSFW) algorithm minimizes Eq. (7) (closed-form in b). Eq. (8) is the
outer evaluation criterion and the loss used for AdamW baselines.

6.1 Optimization Challenges
Three properties of L make Eq. (7) hard for plain gradient descent.

Sidelobe minima. A rectangular window gives ^# −13 dB side-

lobes that place a gradient null at every sidelobe peak. A center

initialized one main-lobe width from the true peak descends into

the nearest sidelobe and stalls, and plain AdamW from a cold start

fails on the benchmarks of §7.3 and §7.4.

Amplitude shrinkage. Eq. (7) couples centers and amplitudes: re-

ducing |U8 | lowers the residual by trading positional accuracy for

coefficient magnitude, leaving small-amplitude splats parked at side-

lobe minima rather than at true scatterers.

Inter-atom coupling. Splats within a kernel width interfere co-

herently, coupling their center gradients. Adam’s diagonal precon-

ditioning misses the off-diagonal blocks of H = Re(�H2 �2 )/|Ω |, so
two coupled splats cannot make the joint move that resolves their

interference.
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DSFW addresses these three challenges in turn (Fig. 3). Variable
projection (§6.2) eliminates b analytically and leaves only the centers

� to optimize, removing amplitude shrinkage from the search. The

residual dual certificate (§6.3) globally scores how much a new splat

at each grid point would reduce the residual, allowing the search to

move beyond local sidelobe minima. DSFW (§6.4) combines both

mechanisms by replacing the lowest-utility splat with the certificate

maximizer and periodically taking a Gauss–Newton step to account

for inter-splat coupling.

6.2 Variable Projection
Our forward model is linear in the splat amplitudes b, since surfels
superpose coherently as a sum of complex amplitudes (Eq. (2)). This

linearity enables both the closed-form coefficient solve developed

in this subsection and the SFW outer loop of §6.4. 3DGS lacks this

property because alpha compositing renders the image as a non-

linear function of the per-Gaussian opacity and color [Kerbl et al.

2023], which precludes a closed-form solve. The obstruction lies in

the compositing rule rather than the kernel. Gaussian variants with

a linear sum-of-splats forward model (e.g., GSRF [Yang et al. 2025],

WRF-GS+ [Wen et al. 2026]) admit the same machinery, which we

evaluate as GS+SFW, the Gaussian cell of the 2×2 kernel–optimizer

ablation in §7.6.

For fixed centers � , Eq. (7) is a complex ridge regression with

closed-form minimizer

b★(�) =
(
� (�) + _�

)−1
@(�),

� (�) = 1

|Ω | �(�)
H�(�), @(�) = 1

|Ω | �(�)
Hy.

(9)

Substituting back yields the variable-projected reduced objective [Golub

and Pereyra 1973; O’Leary and Rust 2013],

� (�) = L
(
�, b★(�)

)
, (10)

which depends only on the center variables. Eliminating b removes

amplitude shrinkage as a degree of freedom and yields a better-

conditioned nonlinear search at each step.

6.3 Residual Dual Certificates
With b★(�) fixed by Eq. (9), the residual dual certificate [Denoyelle
et al. 2020; Jaggi 2013] provides a global signal for where to move

centers next:

B (x) =
��〈0(x), y −�(�)b★(�)

〉�� / ∥0(x)∥, (11)

where 0(x) is the spectral footprint a hypothetical surfel placed at

position x would produce. Intuitively, peaks of B identify locations

where adding a splat most reduces the residual. Equivalently, B is the

dual variable of the off-the-grid sparse recovery problem of which

Eq. (7) is the primal.

Global signal vs. local gradient. Unlike a local gradient, B (x) is
evaluated everywhere on a candidate grid, and therefore bypasses

the sidelobe minima of §6.1. Its cost is dominated by candidate-voxel

correlations and grows quickly with grid resolution. A fused kernel

reduces certificate evaluation from a per-experiment to a per-step

cost (Appendix C.4).

6.4 Dirichlet Sliding Frank–Wolfe
The certificate of §6.3 drives a global, sparse-recovery update that

bypasses the sidelobe landscape entirely. DSFW is inspired by the

sliding Frank–Wolfe (SFW) template [Denoyelle et al. 2020] for off-

the-grid spike recovery on the BLASSO problem, but deviates in

one important way. Classical SFW adds a new splat at argmaxx B (x)
and then merges nearby splats, growing the support monotonically.

DSFW instead operates at a fixed budget of ( splats and replaces the
lowest-utility splat with the certificate’s argmax. The fixed budget

reflects the physics of coherent imaging. Aperture and bandwidth

bound the number of resolvable scatterers, and unbounded growth

would fit sidelobes and noise as spurious splats. We set ( slightly

above a back-projection sparsity estimate (§7.4). The trade-off is

that the classical SFW guarantees [Denoyelle et al. 2020] no longer

apply, since they require both the BLASSO non-degenerate-source

condition and unconstrained splat addition.

Each DSFW outer step performs four operations. (i) Solve Eq. (9)

for b★(�). (ii) Evaluate the certificate Eq. (11) on a coarse candidate

grid. (iii) Hard-replace the surfel of lowest utility with argmaxx B (x),
where utility ranks splats by amplitude and by a coherent-cancellation

efficiency that down-weights splats already representable by their

neighbors. (iv) Optionally refine with a Levenberg–Marquardt sub-

step on the spatial residual. Algorithm 1 specifies the loop, schedules,

and optional steps.

Utility score. Step (iii) must select a splat for replacement. Ampli-

tude alone is insufficient because neighboring splats may reproduce

a large-amplitude splat without increasing the residual, whereas an

isolated small-amplitude splat may be indispensable. We therefore

score each surfel 9 by

D 9 = 1

2

���1★9 ���
max:

��1★
:

�� + 1

2
e� 9 , e� 9 =




%⊥�\9 a9




2

a9



2

∈ [0, 1], (12)

where a9 is the spectral footprint of surfel 9 and %⊥�\9 projects onto
the orthogonal complement of span{a: }:≠9 . Intuitively, the first

term measures relative amplitude. The coherent-cancellation effi-
ciency measures how much of the surfel’s footprint lies outside the

span of the other splats. A value of e� 9 near zero means that the

other splats already span this footprint. Replacing such a surfel

changes the residual little and reallocates its center to the certificate

maximum.

Initialization. Cold-start runs draw the ( centers uniformly at

random from the candidate volume, which is the box spanned by

the sensor’s range gate and its azimuth field of view, and give every

center the same initial amplitude. Where a modality supplies a

cheap signal-processing estimate, the centers may instead be seeded

from back-projection peaks or from FFT-domain thresholding, as

the multi-view fit of §7.5 and the printed-object fit of §7.7 do. Per-

experiment candidate grids and budgets are listed in Appendix B.4.

DSFW carries no convergence guarantee, but recovers ground-

truth geometry from random initialization on every benchmark in

§7.3.
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Algorithm 1 DSFW outer loop.

Require: measurement y, initial centers �0, kernel order # , ridge

weight _, iteration budget ) , low-resolution schedule Tlr, candi-
date grid X

Ensure: refined centers � , coefficients b★

1: � ← �0

2: for C = 1, . . . ,) do
3: b★← argminb ∥y −�(�)b∥2 + _ ∥b∥2 ⊲ VarPro, Eq. (9)

4: B (x) ← certificate on X from residual r = y −�(�)b★ ⊲

Eq. (11)

5: D 9 ← 1

2

���1★9 ��� /max:

��1★
:

�� + 1

2
e� 9 for each 9 ⊲ Eq. (12)

6: 9† ← argmin9 D 9
7: c9† ← argmaxx∈X B (x) ⊲ hard replacement

8: (optional) refine � by a Levenberg–Marquardt sub-step on

the spatial residual

9: if C ∈ Tlr then
10: propose Δ� from a coupled low-resolution LM step and

accept it if the full-resolution loss decreases

11: end if
12: end for
13: return � , b★

Furthermore, DSFW augments the outer step with a periodic

Gauss–Newton correction and four small stabilizers (windowmatch-

ing, kernel-continuation curriculum, pairwise repulsion, coarse-to-

fine schedule on # ). The refinements and experiment settings are

described in Appendix B. With these corrections, DSFW achieves

the lowest final loss among the optimizers we evaluate (§7.3).

7 Results and Application
We evaluate Dirichlet Splatting on controlled synthetic benchmarks

(§§7.2–7.6) and on a real hardware application (§7.7). Synthetic

experiments use a DFT setup with # = 256 range bins," = 64 slow-

time bins, and � = 8 array elements unless noted. Ground-truth

signal synthesis and per-experiment protocols are in Appendix C.

AdamW hyperparameters and DSFW defaults are listed in Appen-

dix B.4.

7.1 Baselines
We compare against published splatters and classical/physics ref-

erences. Internal ablations are deferred to §7.6. 3DGS [Kerbl et al.
2023] is the canonical Gaussian splatter; GSRF [Yang et al. 2025]

and WRF-GS+ [Wen et al. 2026] are the state of the art in coherent

Gaussian splatting for radio-frequency imaging; back-projection
is the matched-filter coherent adjoint; and WaveformAD differ-

entiates through the full synthesis→FFT→ |·|2 pipeline with auto-

grad, serving as a physics oracle that bounds attainable accuracy.

All comparisons share scene parameters, learning rate, truncation

radius, splat budget, and loss function unless noted. §7.3 fits tar-

gets rendered by the same operator, which isolates the solver from

measurement-model error. §7.5 shares that operator but scores ge-

ometry against a closed mesh. The other experiments score against

independent targets, namely the analytic FFT of a point reflector

NMSE GT exact DS ×3 DS ×3

-6.1 dB GS ×3 -7.1 dB GS ×8 GS ×3

-8.4 dB GS ×16 -30.1 dB GS ×96 GS ×96

Fig. 4. Forward model fidelity. Three Dirichlet primitives reproduce the
sidelobe-rich coherent range profile of three complex reflectors exactly (top),
whereas a fixed-width Gaussian representation still needs 96 splats (32×
more) to reach −30.1 dBmagnitude normalized mean squared error (NMSE).
Right: the corresponding 2D Dirichlet interference pattern in linear scale.

(§7.2), raw range profiles from a standard FMCW chain (§7.4), and

measured captures (§7.7).

7.2 Forward Model Validation
The first experiment tests the physical claim of §5.2.1. The Dirichlet

kernel is the PSF of the finite-window DFT. A Gaussian splat is at

best a main-lobe approximation that discards the sidelobe energy

carrying coherent phase information.

Setup. Weplace a single complex reflector at fractional sub-bin off-

sets X ∈ {0.0, 0.1, . . . , 0.5} on a finite-window grid and compare each

method’s rendered response against the corresponding FFT-domain

ground truth. We sweep over rectangular, Hann, and Kaiser (V = 14)

windows to verify that the windowed kernel form (Appendix A.3)

tracks arbitrary tapers, and over 1D, 2D, and 3D grids to verify sep-

arability. The experiment isolates the kernel choice cleanly, with

no optimization, no scene complexity, and only forward evaluation

against an exact analytic reference.

Results. Fig. 4 shows the 1D comparison on a three-reflector range

profile with unequal amplitudes. Three Dirichlet primitives repro-

duce the sidelobe-rich coherent waveform directly, while a Gaussian

representation must spend many splats to approximate the same

dB profile. The right column shows the corresponding 2D Dirich-

let interference pattern on the same three-reflector configuration

in linear scale. With only three Gaussian splats, the fit captures

the main peaks but misses the sidelobe structure. Increasing the

budget improves the envelope only gradually, implying the Gauss-

ian mismatch is a representation issue, not just an optimizer issue.

Quantitatively, the three Dirichlet primitives are exact up to the

numerical floor (−120 dB NMSE), while Gaussian controls improve

only slowly with splat count: 3, 8, and 16 splats remain between

−6.1 and −8.4 dB NMSE, and even 96 splats reach only −30.1 dB.

Doppler validation. The same kernel extends to the Doppler axis.

Each surfel carries a constant velocity that the rendering operator
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Fig. 5. Inverse fi�ing in signal space (§7.3). Methods fit Dirichlet splats directly to a 2D Fourier-space target tensor, with no aperture and no measurement
model. Rows are interpretable signal-space targets (single reflector, square, letters A/H, grid, two slabs). Columns show a 3DGS-style no-phase baseline, GSRF,
WRF-GS+, SGD, AdamW, an AdamW+L-BFGS quasi-Newton control, DSFW (ours), and the ground-truth scene, the noise-free Dirichlet-splat scene the targets
were rendered from. Each panel shows the magnitude of the complex spectral tensor .̂ (f ) of Eq. (2) over the two Fourier axes of the target. All methods share
the same target tensor, cold initialization, splat budget, and loss function. Corresponding complex spatial MSE numbers are reported in §7.3. Only DSFW
recovers the sidelobe field. The Gaussian columns reconstruct the silhouette alone.

of §5.3 projects into the slow-time spectrum. We validate this projec-

tion on a 96×64×8 frequency-modulated continuous-wave (FMCW)

cube containing three reflectors moving at −6.0, 0.0, and 7.5 m/s,

with at most 0.051 range bins of range walk over the dwell. The joint

position–velocity Dirichlet model matches the finite-window FFT

oracle to the numerical floor (−120 dB complex NMSE) and picks

the correct velocity for every reflector from a 0.05m/s search grid.

Clamping velocity to zero on the same scene degrades the fit to

−1.11 dB, which isolates the contribution of the Doppler parame-

ter. The experiment isolates the constant-velocity parameterization.

Dynamic-scene reconstruction remains outside its scope. Acquisi-

tion constants and the search protocol are in Appendix C.1.

7.3 Inverse Fitting in Signal Space
This experiment tests the optimization claim of §6. We scope the

experiment to the signal level, fitting Dirichlet splats directly to a 2D
Fourier-space target tensor with no aperture and no measurement

model. The setup isolates the solver from any imaging error. The

full inverse imaging problem (raw measurements→ geometry) is

studied in §7.4. We compare DSFW against Dirichlet-AdamW and

stochastic gradient descent (SGD) optimizer controls and against

GSRF [Yang et al. 2025] and WRF-GS+ [Wen et al. 2026] (§7.1).

Optimizer-only and kernel-only ablations are deferred to §7.6.
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−1

10
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Fig. 6. Cold-start convergence on a structured-star scene. DSFW (ours)
recovers the reflector field, while Dirichlet-AdamW stalls in sidelobe minima
and SGD remains farther from the ground-truth scene under the same iter-
ation budget. Top: magnitude reconstructions, labelled with mean absolute
error (MAE). Bottom: complex spatial mean squared error (MSE) trajecto-
ries and signed magnitude-difference maps against the ground-truth scene,
labelled with MSE.

Setup. All targets in this section are synthetic 2D Fourier-space

tensors of known Dirichlet-splat scenes, with methods fitting Dirich-

let splats directly to them. The convergence and basin studies use

sparse-splat scenes: the random  = 10 2D scene, the structured

 = 50 star scene, and the measured  = 5 basin sweep. The result

grid (Fig. 5) displays the same signal-space pipeline on interpretable

128×128-bin spectral targets. Splats are cold-initialized uniformly at

random with no scene prior, and splat budget and loss follow §7.1.

Results. Fig. 6 shows a representative cold-start case. DSFW re-

covers the reflector field and drives down the complex spatial loss,

Dirichlet-AdamW lowers it into amismatched sidelobe arrangement,

and SGD lags farther under the same budget. Across a 33×33 grid of
cold-start offsets over 8 bins, DSFW recovers all reflector positions to

within 0.1 bin on 77.4% of trials, against 0.07% for Dirichlet-AdamW,

which stays trapped in the sidelobe neighborhoods of §6.1 (heat map

in Appendix C.2). Fig. 5 extends the pattern to recognizable Fourier-

domain targets. Over the 7-scene benchmark, DSFW drives mean

complex MSE from 3.32×10−1 at initialization to 6.71×10−4. By con-

trast, Dirichlet-AdamW and SGD end at 6.06×10−2 and 1.12×10−1,
respectively. The two-stage AdamW+L-BFGS quasi-Newton con-

trol reaches 5.97×10−2 after a 300-step AdamW warmup and 50

L-BFGS polish iterations, giving only a small local refinement over

AdamW and remaining two orders of magnitude above DSFW. The

3DGS-style no-phase baseline ends at 1.92×10−1. Its panels are vis-
ibly suppressed on one side of several letters and slabs because it

renders only a positive real Gaussian radiance field. On those halves

the complex Dirichlet target has strong imaginary components or

negative real projections, so the least-squares optimum drives many

splats toward low opacity rather than matching the displayed mag-

nitude. GSRF [Yang et al. 2025] and WRF-GS+ [Wen et al. 2026] end

at 4.43×10−2 and 4.38×10−2. The Gaussian baselines reconstruct

smooth silhouettes but do not match the Dirichlet sidelobe field.

Cross-scene PSNR, magnitude NMSE, and SSIM are reported in

Appendix C.2.

7.4 Inverse Imaging from Raw Signals
§7.3 fits splats to signal-space targets and isolates the solver from

the imaging measurement model. We now evaluate the full inverse

imaging problem: the input is a raw complex multi-aperture scan

of a target with known material response. The output is a dense

geometric support estimate, scored against ground-truth occupancy.

Setup. The inverse-imaging grid uses 7 dense targets shown in

Fig. 7. The simulator renders each target into raw complex range

profiles using a 96×96 aperture, 4 GHz bandwidth, and a 56×56
candidate grid. The simulator follows the standard FMCW signal

chain, synthesizing the chirp echo from the target occupancy and

material response, dechirping it against the transmitted waveform,

and taking the FFT of the beat signal. Our model fits a Dirichlet

support field directly to these raw profiles, with eikonal, total varia-

tion, and binarization regularization. Among baselines from §7.1,

3DGS, GSRF, and WRF-GS+ are supervised on the back-projection

image. GS+SFW, our coherent Gaussian baseline sharing DSFW’s

forward model and SFW solver but with a Gaussian kernel, is super-

vised on the raw range profiles. All methods decode into a common

occupancy space.

Results. Reconstruction grids and per-scene support-domainNMSE

are shown in Fig. 7. Ours reaches the lowest mean support NMSE

across 7 targets (0.136), against 0.294 (GS+SFW), 0.387 (back-projection),

0.389 (3DGS), 0.391 (WRF-GS+), and 0.406 (image-domain GSRF).

Raw-channel fitting improves GSRF without closing the gap: its raw

NMSE stays an order of magnitude higher (9.12×10−3 vs. 7.74×10−4
for ours), with wider support-NMSE gaps on the grid (0.943 vs.

0.219) and scissors (0.395 vs. 0.296). GS+SFW is competitive on sim-

ple stroke-like shapes (e.g., letters A/T/H), which is consistent with

broad Gaussian fields being effective for smooth connected support

but less reliable for separated or thin multi-component geometry.

Cross-scene support NMSE, PSNR, SSIM, IoU, and Dice are reported

in Appendix C.2.

7.5 3D Reconstruction
We evaluate Dirichlet Splatting on a 3D target, fitting one global

surfel set jointly across apertures that view it from different direc-

tions.

Setup. The target is a 60mm Stanford bunny.We sample its closed

mesh into 60,000 oriented surfels and render each view with the

forward model of §5. Each view uses a 128×128 virtual aperture

at 2.5mm pitch and 350mm standoff. The sensor uses a 120GHz

carrier, 15 GHz bandwidth, and a 320mm aperture, yielding 1.4mm

resolution across the target. The fit runs against the concatenated

raw complex range profiles of all views under complexmean squared

error. We concatenate the raw profiles of the + views into a single

tensor. The foreshortening factor +8 of Eq. (4) provides per-view

visibility, so multi-view fitting reuses the forward model without

a separate visibility solver. We seed surfel centers from peaks of a

joint back-projection volume using the optional initializer of §6.4.

Metrics. We measure (i) the median distance from each recovered

surfel to the ground-truth surface, (ii) F-score and recall at 2mm,

(iii) symmetric Chamfer distance, (iv) NMSE on the raw profiles, and
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